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Abstract
In the present investigation, by making use of the familiar concept of neighborhoods of analytic and multivalent functions, we
derive coefficient bounds and distortion inequalities, associated inclusion relations for the (n, δ)-neighborhoods of subclasses of
analytic and multivalent functions with negative coefficients, which are defined by means of a certain nonhomogenous differential
equation. Several special cases of the main results are mentioned.
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1. Introduction, definitions and notations
Let Tn(p) denote the class of functions f (z) normalized by
f (z) = z p −
∞∑
k=n+p
akz
k (ak = 0; n, p ∈ N := {1, 2, 3, . . .}), (1.1)
which are analytic and multivalent in the open unit disk
U = {z : z ∈ C and |z| < 1}.
Following the earlier investigations by Goodman [1] and Ruscheweyh [2] (see also [3–5]), we define the
(n, δ)-neighborhood of a function f (q)(z), when f (z) ∈ Tn(p), by
N δn,p
(
f (q); g(q)
)
:=
{
g : g(z) ∈ Tn(p), g(z) = z p −
∞∑
k=n+p
bkz
k and
∞∑
k=n+p
k!
(k − q)!k|ak − bk | 5 δ
}
, (1.2)
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so that, obviously,
N δn,p
(
h(q); g(q)
)
=
{
g : g(z) ∈ Tn(p), g(z) = z p −
∞∑
k=n+p
bkz
k and
∞∑
k=n+p
k!
(k − q)!k|bk | 5 δ
}
, (1.3)
where, and in what follows,
h(z) = z p (q 5 n + p; n, p ∈ N; q ∈ N0 := N ∪ {0}). (1.4)
We denote by S∗n (p; γ ) and Cn(p; γ ) the classes of multivalently starlike functions of complex order γ in U and
multivalently convex functions of complex order γ in U, respectively, where
γ ∈ C∗ := C \ {0}.
Thus, by their definitions, we have
S∗n (p; γ ) :=
{
f : f (z) ∈ T (n, p) and R
[
1+ 1
γ
(
z f ′(z)
f (z)
− 1
)]
> 0 (z ∈ U; γ ∈ C∗)
}
(1.5)
and
Cn(p; γ ) :=
{
f : f (z) ∈ T (n, p) and R
(
1+ 1
γ
z f ′′(z)
f ′(z)
)
> 0 (z ∈ U; γ ∈ C∗)
}
. (1.6)
The well-known subclasses
S∗n (γ ) := S∗n (1; γ ) and Cn(γ ) := Cn(1; γ )
were considered earlier by Nasr and Aouf [6], and Wiatrowski [7], respectively (see also a recent investigation by
Srivastava et al. [8] and the references cited by them).
Finally, we denote by Sqn,p(λ, β, γ ) the subclass of Tn(p) consisting of functions f (z) which satisfy the following
inequality:∣∣∣∣ 1γ
(
zF ′(z)
F(z) − p + q
)∣∣∣∣ < β (1.7)
(0 < β 5 1; γ ∈ C∗; p ∈ N; q ∈ N0; z ∈ U),
where
F(z) = λz f (1+q)(z)+ (1− λ) f (q)(z) (0 5 λ 5 1; f (z) ∈ Tn(p)) (1.8)
and
f (q)(z) = p!
(p − q)! z
p−q −
∞∑
k=n+p
k!
(k − q)!akz
k−q (p > q). (1.9)
Recently, several authors studied the properties and charateristics of functions f (z) in the class Sqn,p(λ, β, γ ), or
in its various subclasses. See, for example, the papers cited in [9–15]. In addition, the neighborhoods of functions in
the class S0n,p(λ, β, γ ) with p = 1 were investigated in [4].
Clearly, we have
S0n,1(0, 1, γ ) ⊂ S∗n (γ ) and S0n,1(1, 1, γ ) ⊂ Cn(γ ).
The main object of the present investigation is to derive several coefficient bounds, distortion inequalities, and
(n, δ)-neighborhoods of functions in the subclass Kqn,p(λ, β, γ, µ) of the function class Tn(p), which consist of
functions f (z) ∈ Tn(p) satisfying the following non-homogenous differential equation:
z2
d2+qw
dz2+q
+ 2(1+ µ)z d
1+qw
dz1+q
+ µ(1+ µ)w = (p − q + µ)(p − q + µ+ 1)d
qg
dzq
, (1.10)(
w = f (z) ∈ Tn(p); g(z) ∈ Sqn,p(λ, β, γ );µ > q − p;µ ∈ R
)
.
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2. Coefficient bounds and distortion inequalities
We begin by proving the following result.
Lemma 1. Let the function f (z) ∈ Tn(p) be defined by (1.1). Then f (z) is in the class Sqn,p(λ, β, γ ) if and only if
∞∑
k=n+p
k!(k − p + β|γ |)[1+ λ(k − q − 1)]
(k − q)! ak 5
β|γ |p![1+ λ(p − q − 1)]
(p − q)! (2.1)(
0 < β 5 1; 0 5 λ 5 1; γ ∈ C∗; p > q; p ∈ N; q ∈ N0
)
.
The result is sharp for the function f (z) given by
f (z) = z p − β|γ |p!(n + p − q)![1+ λ(p − q − 1)]
(p − q)!(n + p)!(n + β|γ |)[1+ λ(n + p − q − 1)] z
n+p. (2.2)
Proof. Let f (z) ∈ Tn(p) and F(z) be defined by (1.8). Suppose also that f (z) ∈ Sqn,p(λ, β, γ ). Then, in conjunction
with (1.9), (1.7) yields
R
(
q + zF
′(z)
F(z) − p
)
> −β|γ | (z ∈ U)
or, equivalently,
R
−
∞∑
k=n+p
k!(k−p)[1+λ(k−q−1)]
(k−q)! akz
k−p
p![1+λ(p−q−1)]
(p−q)! −
∞∑
k=n+p
k![1+λ(k−q−1)]
(k−q)! akzk−p
 > −β|γ | (z ∈ U).
Thus, by letting z → 1 — along the real axis, we arrive easily at the inequality in (2.1).
Conversely, let (2.1) hold true and also let |z| = 1. From (1.7) to (1.9), we then find that
∣∣∣∣q + zF ′(z)F(z) − p
∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣
(
∞∑
k=n+p
k!(k−p)[1+λ(k−q−1)]
(k−q)! akz
k−p
)
(
p![1+λ(p−q−1)]
(p−q)! −
∞∑
k=n+p
k![1+λ(k−q−1)]
(k−q)! akzk−p
)
∣∣∣∣∣∣∣∣∣∣
5 β|γ | ·
(
p![1+λ(p−q−1)]
(p−q)! −
∞∑
k=n+p
k![1+λ(k−q−1)]
(k−q)! ak |z|k−p
)
(
p![1+λ(p−q−1)]
(p−q)! −
∞∑
k=n+p
k![1+λ(k−q−1)]
(k−q)! ak |z|k−p
)
5 β|γ |.
Hence, by the maximum modulus theorem, we have f (z) ∈ Sqn,p(λ, β, γ ), which evidently completes the proof of
Lemma 1. 
Lemma 2. Let the function f (z) ∈ Tn(p) defined by (1.1) be in the class Sqn,p(λ, β, γ ). Then
∞∑
k=n+p
k!
(k − q)!ak 5
p!β|γ |[1+ λ(p − q − 1)]
(p − q)!(n + β|γ |)[1+ λ(n + p − q − 1)] (2.3)
and
∞∑
k=n+p
k!
(k − q)!kak 5
p!β|γ |(n + p)[1+ λ(p − q − 1)]
(p − q)!(n + β|γ |)[1+ λ(n + p − q − 1)] . (2.4)
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Proof. By using Lemma 1, we find from (2.1) that
(n + β|γ |)[1+ λ(n + p − q − 1)]
∞∑
k=n+p
k!
(k − q)!ak 5
∞∑
k=n+p
k!(k − p + β|γ |)[1+ λ(k − q − 1)]
(k − q)! ak
5 p!β|γ |[1+ λ(p − q − 1)]
(p − q)! ,
which immediately yields the first assertion (2.3) of Lemma 2.
Next, by appealing to (2.1), we also have
(n + β|γ |)(n + p)![1+ λ(n + p − q − 1)]
(n + p − q)!
∞∑
k=n+p
(k − p + β|γ |)ak 5 β|γ |p![1+ λ(p − q − 1)]
(p − q)!
or
(n + β|γ |)[1+ λ(n + p − q − 1)]
∞∑
k=n+p
k!
(k − q)!kak
5 β|γ |p![1+ λ(p − q − 1)]
(p − q)! +
(p − β|γ |)(n + p)!(n + βγ |)[1+ λ(n + p − q − 1)]
(n + p − q)!
·
∞∑
k=n+p
k!
(k − q)!ak .
Thus, in light of (2.3), the above inequality immediately yields
∞∑
k=n+p
k!
(k − q)!kak 5
pβ|γ |p![1+ λ(p − q − 1)]
(p − q)! + (p − β|γ |)(n + β|γ |)[1+ λ(n + p − q − 1)]
· p!β|γ |[1+ λ(k − q − 1)]
(p − q)!(n + β|γ |)[1+ λ(n + p − q − 1)] , (2.5)
which implies the second assertion (2.4) of Lemma 2. 
The distortion inequalities for functions in the class Kqn,p(λ, β, γ ) are given by Theorem 1 below.
Theorem 1. If a function f (z) ∈ Tn(p) is in the class Kqn,p(λ, β, γ, µ), then
| f (z)| 5 |z|p +
(
p!β|γ |(p−q+µ)(p−q+µ+1)[1+λ(p−q−1)]
(p−q)!
)
(
(n+β|γ |)(n+p−q+µ)(n+p)![1+λ(n+p−q−1)]
(n+p−q)!
) |z|n+p (z ∈ U) (2.6)
and
| f (z)| = |z|p −
(
p!β|γ |(p−q+µ)(p−q+µ+1)[1+λ(p−q−1)]
(p−q)!
)
(
(n+β|γ |)(n+p−q+µ)(n+p)![1+λ(n+p−q−1)]
(n+p−q)!
) |z|n+p (z ∈ U). (2.7)
Proof. Suppose that a function f (z) ∈ Tn(p) is given by (1.1). Also let the function g(z) ∈ Sqn,p(λ, β, γ, µ),
occurring in the non-homogenous differential equation (1.10), be given as in the definitions (1.2) and (1.3) with,
of course,
bk = 0 (k = n + p, n + p + 1, n + p + 2, . . .).
Then we readily find from (1.10) that
ak = (p − q + µ)(p − q + µ+ 1)
(k − q + µ)(k − q + µ+ 1) bk (k = n + p, n + p + 1, n + p + 2, . . .), (2.8)
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so that
f (z) = z p −
∞∑
k=n+p
akz
k
= z p −
∞∑
k=n+p
(p − q + µ)(p − q + µ+ 1)
(k − q + µ)(k − q + µ+ 1) bkz
k (2.9)
and
| f (z)| 5 |z|p + |z|n+p
∞∑
k=n+p
(p − q + µ)(p − q + µ+ 1)
(k − q + µ)(k − q + µ+ 1) bk (z ∈ U). (2.10)
Since g(z) ∈ Sqn,p(λ, β, γ ), the first assertion (2.3) of Lemma 2 yields the following inequality:
|bk | 5
(
p!β|γ |[1+λ(p−q−1)]
(p−q)!
)
(
(n+β|γ |)(n+p)![1+λ(n+p−q−1)]
(n+p−q)!
) (k = n + p, n + p + 1, n + p + 2, . . .). (2.11)
From (2.10) and (2.11), we thus obtain
| f (z)| 5 |z|p + |z|n+p
(
p!β|γ |(p−q+µ)(p−q+µ+1)[1+λ(p−q−1)]
(p−q)!
)
(
(n+β|γ |)(n+p)![1+λ(n+p−q−1)]
(n+p−q)!
) · ∞∑
k=n+p
1
(k − q + µ)(k − q + µ+ 1) . (2.12)
We also note that
∞∑
k=n+p
1
(k − q + µ)(k − q + µ+ 1) =
∞∑
k=n+p
(
1
k − q + µ −
1
k − q + µ+ 1
)
= 1
n + p − q + µ,
(µ ∈ R \ {−n − p,−n − p − 1,−n − p − 2, . . .}). (2.13)
The assertion (2.6) of Theorem 1 follows at once from (2.12).
The assertion (2.7) of Theorem 1 can be proven by similarly by applying (2.9) and (2.11) to (2.13). 
By setting
q = 0, β = 1 and γ = p − α (0 5 α < p; p ∈ N)
in Theorem 1, we get the following result.
Corollary 1 (See Altıntas¸ et al. [5, Theorem 1]). If f (z) ∈ K0n,p(λ, β, γ, µ), then∣∣| f (z)| − |z|p∣∣ 5 (p − α)(p + µ)(p + µ+ 1)[1+ λ(p − 1)]
(n + p − α)(n + p + µ)[1+ λ(n + p − 1)] |z|
n+p (z ∈ U).
By letting
q = λ = 0 and β = 1
and
q = 0 and λ = β = 1
in Theorem 1, and also using the relationships in (1.8), we arrive at Corollaries 2 and 3, respectively.
Corollary 2. If f (z) and g(z) satisfy the differential equation in (1.10) with g(z) ∈ S∗n (p, γ ), then
336 O. Altıntas¸ et al. / Computers and Mathematics with Applications 55 (2008) 331–338
∣∣| f (z)| − |z|p∣∣ 5 |γ |(p + µ)(p + µ+ 1)
(n + |γ |)(n + p + µ) |z|
n+p (z ∈ U). (2.14)
Corollary 3. If f (z) and g(z) satisfy the differential equation in (1.10) with g(z) ∈ Cn(p, γ ), then∣∣| f (z)| − |z|p∣∣ 5 pγ |(p + µ)(p + µ+ 1)
(n + p)(n + |γ |)(n + p + µ) |z|
n+p (z ∈ U). (2.15)
3. Neighborhoods for the function classes Sqn, p(λ, β, γ ) andKqn, p(λ, β, γ,µ)
Our first inclusion relation involving the (n, δ)-neighborhood
Nn,δ
(
h(q); f (q)
)
is given by the Theorem 2 below.
Theorem 2. If f (z) ∈ Tn(p) is in the class Sqn,p(λ, β, γ ), then
Sqn,p(λ, β, γ ) ⊂ Nn,δ
(
h(q); f (q)
)
, (3.1)
where h(z) is given by (1.4) and
δ := β|γ |p![1+ λ(p − q − 1)]
(p − q)!(n + β|γ |)[1+ λ(n + p − q − 1)] . (3.2)
Proof. The inclusion relation (3.1) asserted by Theorem 2 would follow readily from the definition (1.3) of
Nn,δ
(
h(q); f (q)) with g(z) replaced by f (z) and the second assertion (2.4) of Lemma 2. 
Theorem 3. If f (z) ∈ Tn(p) is in the class Kqn,p(λ, β, γ, µ), then
Kqn,p(λ, β, γ, µ) ⊂ Nn,δ
(
g(q); f (q)
)
, (3.3)
where g(z) is given by (1.10) and
δ := β|γ |(n + p)p![n + (p − q + µ)(p − q + µ+ 2)][1+ λ(p − q − 1)]
(p − q)!(n + β|γ |)(n + p − q + µ)[1+ λ(n + p − q − 1)] . (3.4)
Proof. Suppose that f (z) ∈ Kqn,p(λ, β, γ, µ). Then, upon substituting from (2.8) into the following coefficient
inequality:
∞∑
k=n+p
k!
(k − q)!k|bk − ak | 5
∞∑
k=n+p
k!
(k − q)!kbk +
∞∑
k=n+p
k!
(k − q)!kak (ak = 0; bk = 0), (3.5)
we readily obtain
∞∑
k=n+p
k!
(k − q)!k|bk − ak | 5
∞∑
k=n+p
k!
(k − q)!kbk +
∞∑
k=n+p
(p − q + µ)(p − q + µ+ 1)
(k − q + µ)(k − q + µ+ 1)
k!
(k − q)!kbk . (3.6)
Now, since g(z) ∈ Sqn,p(λ, β, γ ), the second assertion (2.4) of Lemma 2 yields
k!
(k − q)!kbk 5
β|γ |(n + p)p![1+ λ(p − q − 1)]
(p − q)!(n + β|γ |)[1+ λ(n + p − q − 1)] (k = n + p, n + p + 1, n + p + 2, . . .). (3.7)
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Finally, by making use of (2.4) as well as (3.7) on the right-hand side of (3.6), we find that
∞∑
k=n+p
k!
(k − q)!k|bk − ak | 5
β|γ |(n + p)p![1+ λ(p − q − 1)]
(p − q)!(n + β|γ |)[1+ λ(n + p − q − 1)]
·
(
1+
∞∑
k=n+p
(p − q + µ)(p − q + µ+ 1)
(k − q + µ)(k − q + µ+ 1)
)
,
which, by virtue of the telescopic sum (2.13), immediately yields
∞∑
k=n+p
k!
(k − q)!k|bk − ak | 5
β|γ |(n + p)p![n + (p − q + µ)(p − q + µ+ 2)][1+ λ(p − q − 1)]
(p − q)!(n + β|γ |)(n + p − q + µ)[1+ λ(n + p − q − 1)] =: δ.
Thus, by the definition (1.2) with g(z) interchanged by f (z), we conclude that
f ∈ Nn,δ
(
g(q); f (q)
)
.
This evidently completes the proof of Theorem 3. 
By setting
p − 1 = β − 1 = q = λ = 0
and
p − 1 = β − 1 = q = λ− 1 = 0
in Theorems 2 and 3, and using the relationship (1.8), we deduce Corollaries 4 and 5 below.
Corollary 4. If f (z) ∈ Tn(1) is in the class S∗n (γ ), then
S∗n (γ ) ⊂ Nn,δ(h; f ) := Nn,δ
(
h(0); f (0)
)
, (3.8)
where h(z) is given by (1.4) and
δ = |γ |
n + |γ | .
Corollary 5. If f (z) ∈ Tn(1) is in the class Cn(γ ), then
Cn(γ ) ⊂ Nn,δ(h; f ) := Nn,δ
(
h(0); f (0)
)
, (3.9)
where h(z) is given by (1.4) and
δ = |γ |
(n + 1)(n + |γ |) .
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